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Overview

This lecture covers
> FLiP-ADMM, a general and highly versatile variant of ADMM
» Convergence analysis of FLiP-ADMM
» A wide range of ADMM-type methods derived from FLiP-ADMM

» Further generalization to Trip-ADMM and discussions
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Function-Linearized Proximal ADMM (FLiP-ADMM)

Consider primal problem

minimize  fi(z) + fo(x) + 91 (y) + 92(v)
z€RP yeR?
f(=) g(x) (1)

subject to Ax + By =,

generated by
L(z,y,u) = f(x) + g(y) + (u, Az + By — ).

Assume f1, f2, 91,92 are CCP and fs, go are also differentiable.
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Choose
> scalars p, >0
» matrices P € RP*P and Q € R?*? obeying P,Q > 0.
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Choose
» scalars p,o >0
» matrices P € RP*P and @) € R9*7 obeying P,Q > 0.

FLiP-ADMM is the method

1 € argmin { fi(2) + (Vfo(a¥) + ATu, )

rERP
Pia Buk — ¢l 1 k2
+ 2Nz + Byt = el + Sllo - 2

y*t! € argmin {91 () + (Vg2 (y") + BT, y)
yEeR?

p 1
+ 2 A0+ By — el + Sy — v* I
uk+1 _ ’U,k +g0p(AZUk+1 +Byk+1 _ C).

Recover classic ADMM with fo =0, g0 =0, P=0, Q@ =0, and p = 1.
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Convergence theorem

Theorem 6.

Assume total duality, that x- and y-subproblems always have solutions,
that fo is Ly-smooth and gy is Lg-smooth, and there is an € € (0,2 — ¢)
such that

(1—p)?

) BTB+Q = 3L,I.

Then FLiP-ADMM iterates z*, y* satisfy
F@M) +9(*) = f@) +9(y*), A"+ By* —c—0,

where (z*,y*) is a solution of the primal problem.
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The condition

1— 2

imposes restrictions on ¢, p: since ¢ = @ leads to 1 — 5= -

(1-¢)® _

> if p € (0, \/52"‘1) then 3 small € such that 1 — ( ) > 0, so large p

helps to meet (2);

n‘gpe(‘[Jrl 2) and € € (0,2 — ), then 1 — u<O so small p

helps to meet (2).
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The condition

1— 2
p(1- 0=\ prp 0w sr, (2)
2—p—c¢
imposes restrictions on ¢, p: since ¢ = @ leads to 1 — % =0,

> if p € (0, \/52"‘1) then 3 small € such that 1 — ( ) > 0, so large p
helps to meet (2);

> if pc (f+1 2) and € € (0,2 — ), then 1 — u < 0, so small p
helps to meet (2).

Besides appearing in the conditions, the choices of LiP-ADMM
parameters affect convergence speed and computational cost per
iteration. The optimal choice for a given problem balances the speed and
the cost.
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Golden-ratio ADMM, Dual extrapolation parameter ¢

While ¢ = 1 is common, a larger ¢ may provide a speedup.

With fo =0, go =0, P=0, and @ = 0, FLiP-ADMM reduces to
“Golden-ratio ADMM" :

2** € argmin L, (, v, u®)
zERP
y" ! € argmin L, (zF y, u")

yERa
WP = uk 4 op(AzR L 4 Byt — o),
where
Ly(.y,u) = f(2) + 9(u) + (u, Az + By — ) + 5|l Aw + By ][>
Condition (2) reduces to 0 < ¢ < (14 1/5)/2 ~ 1.618.
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Penalty parameter p

Parameter p controls the relative priority between primal and dual
convergence.

The Lyapunov function in the proof (below) contains the terms

» primal error: p||B(y* — %),

> dual error: L [juf — u* |2
op

Large p prioritizes primal accuracy while small p prioritizes dual accuracy.

Discussions of parameter choices, special cases, and differences
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Proximal terms via P and ()

The letter “P" in FLiP-ADMM describes the presence of the proximal
terms

1 k(2 1 k) 2
slle =%, Slly =y lle-
Empirically, smaller P and @ leads to fewer required iterations.

When fo =0 and g2 = 0, the choice P =0 and @ = 0 is often optimal
in the number of required iterations.

However, proper choices of P and ) can cancel out unwieldy quadratic
terms and thus reduce the costs of subproblems.
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Linearization of f5, 9o

The z-subproblem of FLiP-ADMM

s c arg{élin {fl(x) + f2(ﬂjk) + <Vf2(ggk), xr — xk> + g(yk)
zERP

1
+ (uk,A:EJrByk —c) + g||Ax+Byk — c||2 + §||:U x’ﬂ%}

uses f's first-order approximation fo(z*) + (V fo(z*),z — %), described
by “FLi (Function-Linearized)" in FLiP-ADMM.

FLiP-ADMM gives us the choice to use f or not. Choosing fa = 0 leads
to fewer iterations. In some cases, however, nonzero f5 reduces the cost

of subproblem.

The same discussion holds for the y-subproblem.
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Relation to Method of Multipliers

‘MM" in FLiP-ADMM stands for method of multipliers, which has only
one primal subproblem.

When ¢ = 0, the entire y-subproblem and B-matrix vanish. FLiP-ADMM
reduces to the method of multipliers:

2F 1 € argmin {f(x) + (uf, Ax) + gHAm - c||2}
xT
= uk 4 pp(AzF T —¢),

which converges for ¢ € (0,2) by Theorem 6.
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Difference from previous lectures

Theorem 6 establishes:
> the convergence of objective values,
» the convergence of constraint violations,

but not the convergence of iterates.

The convergence proof (below) does not rely on the machinery of
monotone operators.

Proof of main theorem
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About the proof

The key challenge is the construction of the Lyapunov function (a name
borrowed from nonlinear system, used to prove the system’s stability).

The proof is not long (only 4 pages in the textbook), easy to follow, but
hardly intuitive.

ADMM-type methods are modular. Hence, the proof comes from the
insights we accumulated over years of reading (and writing) papers on
ADMM-type methods.

Proof of main theorem
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Constants and Lyapunov function

The assumption of total duality means L has a saddle point (z*, y*, u*).
Define

*

x x
wr =y, wh = |y fork=0,1,....
u u

Define n = 2 — ¢ — €. Define the symmetric positive semidefinite matrices

[P 0 0 L fo 0 0
1
0 0 L1 0 0 I
P— LI 0 0
Mzzé 0 p(1-S2)BTBQ-3L,T 0
0 0 2= S|

Define the Lyapunov function
k k k k—
VE = [k — 0y, + = w3,
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Proof sketch

The proof has 4 stages. We present only the key terms. You should focus
on the proof flow rather than the each single term.

Stage 1: Use the facts that 2**! and y**! are subproblem minimizers
to obtain inequalities that relate z**! with z* and y**! with y*. Add
those inequalities and combine terms to arrive at:

L($k+17yk+1,u*) —L(x*,y*,u*) (3)
L L 1\ 1
< Lottt Ty gt (1o 1) St -t
Y/ PP

1
_ 2<wk+1 _ wk7wk+1 _ w*>MU + 7<uk+1 _ uk7B(yk+1 _ yk)>

Since we cannot determine the signs of the two inner-product terms, we
must transform them.

Proof of main theorem
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Stage 2: Bound _ (u*™' —u”, B(y**! —y¥)).

Use the fact that y*,y**! are minimizers to their respective subproblems
to obtain inequalities that relate them. Add those inequalities to get

<uk+l b, B - )

L ~
IIy’“+1 S ol (A el (VA T

- 1 -
+ <yk+1 _ yk7yk _ yk 1>Q _ (1 _ SO) <uk _ uk 1,B(yk+1 _ yk)>

Apply Young's inequality {a, b) < %HaH2 + i”b”2 to last 2 terms ...
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. to get

1 k+1 k k+1 k 1 k+1 k12
plu Bl =) < Sly™ —y HLQFQN;W”BTB (4)
1 k

k—12 Ui k k—12
+§||y -y ||Lg1+Q+m||U —u |

If we had applied Young's inequality to i(u’“‘“ —uk, B(y*+! —¢*))

directly, then we couldn’t get ||y* — y*~1||? and ||u* — u*~1||? terms and

thus not V¥ (which is easy to try and verify).

Proof of main theorem
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Stage 3: Substitute (4) and the generalized cosine identity

Hwk—i—l_ k+1_ k) k+1

w*[[ig, = w® —w* |3, =l —w® |}, 20w —w”, W —w) ag,

into (3); after combine terms, we arrive at the master inequality

VIR VR bt - b, — (L ) - Lty )

Since (z*,y*,u*) is a saddle point of L,

L,y u) — L,y u?) 2 0
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Stage 4: Applying the summability argument on the master inequality
tells us

1

> [[wh Tt — w3, — 0, from which we conclude u*™* —u* — 0 and

thus
Az + Ba* — ¢ — 0;

> L(xFtl yf+ u*) — L(z*, y*,u*) — 0, from which and

L™y thu) = f@™) + gy ) + (', Ad* + Byt — ),

—0

we also conclude

@)+ 9WF) = f(@*) + g(y*).

Proof of main theorem
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Linearized methods

“Linearization” refers to more than one technique. Most often, it refers

to canceling out inconvenient quadratic terms, leaving with linear terms.

Consider
minimize  f1(z) + g1(y)
z€RP, yeR?
subject to Az + By = c,
where fo =0 and g3 = 0.
With P = (1/a)I — pATA and Q = (1/8)I — pBT B, we recover
linearized ADMM (we saw this method in CH3 with ¢ = 1):
2! = Prox, (xk — aAT(u* + p(Az* + ByF — 0)))
y* ! = Proxg, (y* — BBT(u" + p(Az" ! + ByF —¢)))
W =k op(AzF L 4 ByFtl o).

Converge if 1 > apAmax(ATA), 1 > BpAmax(BTB), ¢ < (1+/5)/2.

Derived ADMM-type methods
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Consider

minimize fi(z) +91(y)

subject to —Ix+ By =0.

We recover primal-dual hybrid gradient (PDHG) with ¢ =1, P =0,
Q = (1/8)I — pBTB in an FLIP-ADMM:

pEtt = Prox,p (1" + pB(2y* — 7))
Yt = Proxgg, (yk — ﬂBTuk+1) .

Converge if 1 > BpAnax(BTB).

Derived ADMM-type methods
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Function-linearized methods
FLiIP-ADMM linearizes accesses fo and go through their gradient
evaluations. This feature provides great flexibility.
Consider
minimize - f1(z) +g1(y) + 92(v)
subject to —Ix+ By =0.
FLiIP-ADMM with ¢ =1, P =0, and Q = (1/8)I — pBTB is
zhtl = Prox(1/,) 1, ((1/,0)1/c + Byk)
Yt = Proxgg, (yk — ﬂVgg(yk) — ﬁBT(uk — p(ac’€+1 — Byk)))
WP = uF (et Byt
Apply the Moreau identity to recover Condat—Vii
Pt = Prox, g (1" + pB(2y* — 7))
y* T = Proxgy, (v* — BVga(y*) — BBTE) .
However, FLiP-ADMM condition 1 > BpAmax(BTB) + 3L, is worse

than what we have in Ch3.
Derived ADMM-type methods
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Consider o
minimize  fi(x) + fa(x) + 1 (y) + 92(v)
z€R?P, yeR?

subject to Az + By =c.
FLiP-ADMM with P = (1/a)I — pATA and Q = (1/8)I — pB B is

2t = Prox,, (xk -« (Vfg(xk) + ATuF 4+ pAT(Az® + Byt — 0)))
Yt = Proxgg, (g/~C -p (Vgg(yk) + BTu® 4 pBT(AzF ! 4+ ByF — c)))
uk-i—l _ ’U,k + gOp(AZCkJrl + Bka _ C).

We call it doubly-linearized ADMM, which generalizes PDHG and
Condat-Vii.

Converge if 1 > apAmax(ATA) + oLy, 1 > BpAnax(BTB) 4+ 36Lg, and
0<¢<(1++5)/2

Derived ADMM-type methods
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Partial linearization

Consider
m|n|m|ze fo(z) + g1(y) + 92(y)
z€R?P, yeR
subject to Az + By =c.
Assume

> ~I + pATA is not easily invertible
» ~I + C' is easily invertible for some C =~ pATA

Choose P =~y + C' — pATA where v > Apax(pATA — C) is small.
Then, the z-update of FLiP-ADMM

P =2k — (v + C) Y (V fa(2F) + ATub + pAT(Az* 4 ByF —¢)),

is easy to compute. Call it partial linearization. It reduces iterations
compared to (full) linearization (with P = I — pATA).

Derived ADMM-type methods
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CT imaging with total variation regularization

Let x represent a 2D or 3D image to recover from CT measurements b:
minimize {(Ax — b) + \||Dz||1,
TERP
where A is the discrete Radon transform operator, D is a finite difference
operator, and ¢ is a CCP function.

PDHG has low-cost steps and but requires too many iterations. Classic
ADMM requires (much) fewer iterations but an expensive step:

ot =gk — (pATA + pDTD)™* (ATu’€+1 + kaH) .

Since ATA and DTD are discretizations of shift-invariant continuous
operators, they can be approximated by circulant matrices, so we use a

circulant matrix
C =~ pATA+ pDTD.
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Let cT be the first row of C' and ¢ is its discrete Fourier transform. Let
F(-) be a discrete Fourier transform. By the convolution theorem, for
any vector z and its inverse Fourier transform &, we have
(vI + C)x = F(Diag(vy1 + ¢)x)
(yI +C) "'z = F(Diag™ ' (y1 + &)%),
so (yI + C)~! is easy by fast Fourier transform (FFT).
FLiP-ADMM with partial linearization P = ~vI + C — pATA — pDTD
uF = Prox - (u’C + pA(2z* — k1) — pb)
P =TIy 5 (VT + pD (225 — 2P 1))
oF =gk — (4T 4 C)7! (ATuICJrl + kaH)

has easy-to-compute steps. A small v > Apax(pATA+ pDTD — C) leads
a minimal increase in iterations over classic ADMM.

Derived ADMM-type methods
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Multi-block ADMM problem

Partition z € R? into m non-overlapping blocks of sizes p1, ..., pm.
Partition matrix A = [A;,l Ao - A;,m] such that

Az = A:,lxl + A:,2x2 +---+ A:,mxmn
Multi-block ADMM problem or extended monotropic program is

(ach,leLl)zee fi(@1) + fa(z2) + - + frn(Tm) (5)

subject to Az +Aszo+ -+ Az, =c

Unless the column-blocks of A are orthogonal, i.e., A:T,iA:,j = 0 for all
i # 7, the blocks ka, ..., "1 cannot be computed independently.

Next, we present two splitting techniques with which %! ... zF+1 can
be computed independently in parallel.

Derived ADMM-type methods

31



Jacobi ADMM

In numerical linear algebra, the Jacobi method is an iterative method for
solving certain linear systems. It updates the blocks of = independently.

Consider problem (5) and matrix

~T —pAT A, - —pAT, A,
—pAT, A, AT —pAT, A,
P= : : ,
—pAT A —pAT A - —pAT LA o1y I

which is positive semidefinite for v > pApax(ATA).
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Let

m

Zf’ x;) + (u, Az — ¢) + gHAx—cHQ.

Let 2%, denote all components of z* excluding 7. FLiP-ADMM with
the matrix P is

2! = argmin {Lp(l'i,x];éi,uk) 7”1'1 — k| } fori=1,...,m

x; ERPi
P = b 4 pp (AzF T —¢).
This method is called Jacobi ADMM in analogy to the Jacobi method.

See Exercise 8.3 for other choices of P, where the diagonal 41 is replaced
by diagonal blocks.
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Dummy variable technique + FLiP-ADMM

Consider the following generalization to problem (5):

(131, 7$nz)eR

Introduce dummy variables 21, ..., 2z, and eliminate y to get the
equivalent problem

minimize Zfl )+yg (c—Zzl>

(Ih 1$m ER
21500 2m €ER™

subject to A;yizi —2z=0 fori=1,...,m.

Derived ADMM-type methods
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Apply FLiP-ADMM with P =0, Q = 0, no function linearization, and

initial u-variables satisfying uY = --- = Y . Then we can show
uf =...=uF for k=1,...,m, and the iteration simplifies to

2+t € argmin {fi(mi)+<uk+%(z4$k —zE ), A:,ixi>+g | Az — xf)HQ}

x; ERPi

m
2P — ¢~ Proxm, | ¢ — AzFT — =4k
P 9 p

sum

P
uFtl =of 4 22 (Aka — zfutr}) .
m

The method converges if ¢ € (0, (1 ++/5)/2).

Derived ADMM-type methods
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Consensus technique + FLiP-ADMM

Consider

Use the consensus technique to get the equivalent problem

T1,...,Tn,2ERP

n
minimize Zfz(%)
i=1
subject to T =z, fori=1,...,n.

Here, z; € RP is a copy of x € RP. This contrasts with block splitting,
where each x; represented a single block of x.

Derived ADMM-type methods



Apply FLiP-ADMM with P =0, = 0, no function linearization, and
initial u-variables satisfying u + -+ +uY = 0 to get

2! = argmin {fl(xl) + (uk, ;) + BHxl - z’“||2} fori=1,...,n
TERP 2

1 n
e fo+1
"=

ulb Tt = uf o pp(ahtt - R fori=1,...,n.

Converge if ¢ € (0, (1+/5)/2).
The consensus technique is versatile. Instead of constraining z1,...,x,

to equal a single z here, we will equal them to multiple z-variables
through a graph structure to obtain a decentralized method in CH11.

Derived ADMM-type methods

37



2-1-2 ADMM

This is a technique that applies an ADMM method to a problem with
one or two more blocks (if they are strongly-convex quadratic) than what
it is designed for.

Assume g is a strongly convex quadratic function with affine constraints,
ie.,
9(y) = yTMy + puTy + dryera | Ny=v}) (V)

for M € R9%% with M = 0, N € R°*9, and v € R(N). If no affine
constraint, we set s = 0.

Define

Ly(2,y,u) = f(@) + g(y) + (u, Az + By — &) + 2| Az + By — c|[*.
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2-1-2 ADMM is the method:

E+1/2 _ . k k
eyt = argmin L, (2", y, u")
yeR
. 1 .
2" € argmin L, (z, y" 2, u")
rERP
y* T = argmin Lp(:r}Hl,y, uk)
yeRY

uktl = uk: + @P(Akarl + Byk+1 _ C).

It is equivalent to (single-block) FLiP-ADMM applied to

@y € argmin {L(e,y.ub) + Sz —a*3 }
zERP, yeRa 2

Pt = P+ pp(AzFT + ByF T — )

with P = ATBTBTA. Converge if ¢ € (0,2).

See Exercises 8.11 for 4-block ADMM with 2-1-2-4-3-4 updates and 8.12
for generalization with function linearization and proximal terms.

Derived ADMM-type methods
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Trip-ADMM

Consider the more problem
minimize, f1(Cz) + f2(z) + g1(Dy) + g2(y)
subject to Az + By =c.
Trip-ADMM (Triple-linearized ADMM) is the method
F 2 =gk (CTvk + Vfo(2®) + ATu* 4+ pAT(Az* + By* — c))
Rt = Prox, g (vk + TC’zkH/z)
PRl k12 _ ot (M — k)
2 =k _ (DTw” + Vga(y") + BTu* + pBT(Az" + By* — ¢))
Wt = Prox,,: (wk +7Dyk+1/2)
Y+l — yk+1/2 _ 5T (W — wh)
uFt = o 4 p (AdhH 4+ ByFtl —¢)

which generalizes FLiP-ADMM.
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If the parameters satisfy p > 0, 0 >0, 7 > 0,

1> 0pAmax(ATA)+ 0Ly, 12> 0pAmax(BTB) + 30L,,
1> 0T Amax(CCT), 1> 07 Amax(DDT)

and assume total duality, we have
fi (Cak = oCTE@T = b)) + fo(a*)
+ g1 (Dy* = e DD — wh)) + ga(y”)
= fi(Cx*) + fao(a™) + 91(Dy*) + 92(y"),

Az® + Bz® — ¢ — 0.

Derived ADMM-type methods
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Conclusion

FLiIP-ADMM is a combination of four techniques: alternating update,
method of multipliers, linearization, function-linearization, and use of
proximal terms.

These techniques can be combined like modules to solver problems with
complicated structures.

ADMM-type methods are “splitting methods”, intimately related to
monotone operator methods, though are not monotone operator methods

themselves.

Fully general FLiP-ADMM (with dual extrapolation ¢) cannot be reduced
to a monotone operator splitting method and must be analyzed directly.
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