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Acceleration

Theorem 1 establishes a O(1/k) rate on the squared norm of the
fixed-point residual and a similar O(1/k) rate can be established for the
other setups. This rate can be improved (at least in the worst-case rate).

In optimization, an acceleration is a modification of a base method that
improves the convergence rate. An improvement from O(1/k) to
O(1/k?) is most common for first-order algorithms.

Accelerations is an active topic of research. We keep the discussion
minimal and discuss Nesterov's AGM and APPM/OHM.



Accelerated gradient method

Consider

minimize f(x),

where f is convex and L-smooth. The method
1
a* = yk - va(yk)
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where 20 = 4°, is Nesterov's accelerated gradient method (AGM).

Theorem 17.
Assume the convex, L-smooth function f has a minimizer x*. Then
AGM converges with the rate
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fork=1,2,....



Proof of Theorem 17

Equivalent form of AGM:

1
xk-i—l _ yk _ va(yk)
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where 20 = % = 20, (cf. Exercise 12.1).
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Proof of Theorem 17

Preliminary observations. Define

k+1
0, = —5
for k=—-1,0,1,.... It is straightforward to verify

0F — 0 < 03,
for k=0,1,.... We will use the inequalities
P — 1) + g IV <0
F") = (@) < (V) y* =)
FWP) = (@) < (V) y* — ).

The first, (2), follows from L-smoothness, which implies

f(x) — %[|z — y*||? is concave as a function of z, which in turn implies

@) — Ll —* 12 < 160 + (V) — o).
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We plug in z = 2F ™1 = y¥ — 1V f(y*) to get (2). The second and third

inequalities, (3) and (4), follow from convexity of f.



Proof of Theorem 17

Define I
VE =07, (f(a") = f(z") + g\lzk — "2

If we establish VF < VE=1 < ... < VO then V¥ < V0 implies

O (FH) — fa) < VF < V0= 2200 - 2



Proof of Theorem 17
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where the first equality follows from
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Comparison with gradient descent

Gradient descent with stepsize « = 1/L
1
xk+1 _ xk _ *Vf(‘Tk)
L
converges at rate O(1/k). To see this, define

VE = B(7(a") — @) + gl — o

e

and note
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where inequality follows from analogues of (2) and (4). V¥ < V0 implies
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Constructing the Lyapunov function

The non-increasing quantity V* is called a Lyapunov function, energy
function, or potential function, and the style of proof relying on such
quantities is called a Lyapunov analysis. Convergence proofs based on
Lyapunov analyses tend to be more concise. Constructing a V¥ is a
highly non-trivial art, and we briefly outline the process for GD and AGM.

Imagine analyzing GD, and we suspect the convergence rate is
f(@®) — f(z*) = O(1/k). We define Wk = k(f(z*) — f(z*)) and,
through some analysis, find

L L

Wk:+1 o Wk < *H"Ek o :C*||2 o 7HII€+1 o I*HQ'

2 2
So we define V¥ = k(f(2*) — f(z*)) + £||a* — 2*||* and present a
Lyapunov analysis.



Constructing the Lyapunov function

We may try to prove a faster rate for GD by defining

Wk =2(f(z*) — f(2*)) with a yet unspecified t;-sequence and
analyzing W*+1 — W*_If t;, = O(k), then perhaps we can establish an
O(1/k?) rate. However, such an effort does not leads nowhere.

For AGM, we again define Wk =2 (f(«*) — f(2*)) and analyze
Wkl — Wk We can show
L L

Wk+1 o Wk < 5||Zlc o x*”Z o 5szJrl 7‘T*H2.

for t7 —ty <ti_, and t; > 0. An admissible sequence is t; = (k + 1)/2.

So we define V¥ =12 (f(z*) — f(2*)) + %||z¥ — 2*||* and present a
Lyapunov analysis.
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Accelerated proximal point and optimized Halpern

Consider

find 0¢€ Ax,
IGR"

where A is maximal monotone. The method
yk+1 — JIA.Tk

k k
k1 k1 k1 R\ ko k=1
- +/€+2( ) k+2(y =)

where y° = 2, is the accelerated proximal point method (APPM).

X
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Also consider

find z =Tz,
reER™

where T: R™ — R™ is nonexpansive. We call

1 k+1
“k+2t Tkt2
the optimized Halpern method (OHM).

s Tx*

O+
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Accelerated proximal point and optimized Halpern

With T = Ra, finding elements of Zer A and Fix T are equivalent (cf.
Exercise 10.1). The two methods APPM and OHM are equivalent (cf.
Exercise 12.2).

Theorem 18.
Assume the maximal monotone operator A has a zero x*. Then
APPM/OHM converges with the rate

- - |2 —
ka 1 —]IAIk 1H2 < )

fork=1,2,....

We can equivalently state this result as

4f|2° — a2

HTl‘k_l _ J?k_l||2 < =
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Proof of Theorem 18

Define Ay* = z*=1 — ¢/* which implies Ay* € Ay*. Define
VE = K| Ayt + k(Ay", y* — %)
fork=0,1,....

Then 5 5
Vk-i-l _ Vk _ _k(k + 1)<Ayk)+1 _ Ayk,yk+1 _ yk:>’
which can be verified by plugging in
k+1 _ 1 20 + k (yk _Ayk) _Ayk+1
kE+1 k+1

and performing basic (albeit somewhat tedious) calculations to check
that all terms vanish. By monotonicity of A, we have Vk+1 < k.
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Proof of Theorem 18

Since V¥ < V0 =0, we have
0>V*
= k2| AyF||]? + k(Ay*, o — 2°) + k(Ay", y* — 2*)
k2 & o
= — A —
A -

k2 - 1
> A - 5l — 20,

where the second equality follows from

K2
k(Ay", a* —2°) = fIIkAy +at =2t = A -

and the final inequality follows from monotonicity.
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5z *SCO||2+§HkAyk+x — 2°® + k(Ay*, y* —z*)
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When does an acceleration accelerate?

In optimization (and more generally in applied mathematics and
computer science), convergence rates are usually established in the worst
case. If an unaccelerated method actually converges at an O(1/k) rate,
then an O(1/k?) acceleration is a speedup. However, if the observed
convergence is already faster than O(1/k?), then there is no guarantee of
improvement. The acceleration may even slow down the convergence.

In practice, an acceleration sometimes provides a speedup. An
“acceleration” should be tried it out with the expectation that it may
improve or worsen the convergence.
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